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We discuss the role of damping for surface-plasmon pulse propagation and refraction by analyzing calcu-
lated dispersion relations of a metal-dielectric interface. Results for a lossless Drude metal are compared to
those for a lossy Drude metal and the application relevant materials gold and silver. We find that the imaginary
part of the surface-plasmon wave vector rather than the surface-plasmon group velocity defines if normal or
negative refraction takes place at lateral boundaries. As a consequence, the group velocity can be opposite to
the energy flow. This is not in contradiction to causality, as due to large damping in regions of negative group
velocities surface plasmons on a single interface are overdamped and evanescent in character. In addition, pulse
spreading and the implications of the results for multilayer systems are discussed.
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I. INTRODUCTION

Surface plasmons �SPs� are electromagnetic modes bound
to the surface between a metal and a dielectric.1,2 Among
their special properties are their two-dimensional nature,
subwavelength light confinement, and ultrafast decay. These
lead to considering SPs as promising in nano-optical appli-
cations, for example, bridging the size mismatch between
integrated optics and state-of-the-art integrated �opto�elec-
tronic devices.3,4 Several SP optical functional devices such
as waveguides, beam splitters, and multiplexers were dem-
onstrated in the past. However, effects related to SP pulse
propagation have not been discussed in detail, including
group velocity and pulse spreading. In addition, SPs recently
also proved highly interesting in connection to negative
refraction.5–9 Thin silver films were suggested10 and experi-
mentally demonstrated11 to be capable of perfect lensing or
superlensing across the film �see Ref. 12 for a recent review�,
with certain limitations.13 Important and stimulating for this
work were the reports of in-plane negative refraction of SPs
at the lateral boundary between two different multilayer
systems.14–17 Such systems have one common metal layer
which supports the SP, whose wavelength differs in the ad-
jacent multilayer systems �i.e., the dispersion relations are
different� and therefore SP refraction occurs. In the explana-
tion of the observed negative refraction, only the real parts of
the SP dispersion relations were considered as relevant for
defining the direction of SP phase and group velocity and to
identify frequency regions of negative refraction. However,
this is only applicable if one considers SPs in a “transpar-
ency window,”18,19 i.e., negligible propagation losses. With
the strong damping SPs experience in realistic layer systems
and published propagation length on the order of 50–100
nm,16 this prerequisite is clearly not fulfilled. As detailed
below, the SP refraction and pulse propagation can only be
correctly described by considering both real and imaginary
parts of the SP wave vector or dispersion relation, respec-
tively.

The paper is structured as follows. First, we investigate
SP pulses propagating along a single metal-dielectric inter-
face in regions of positive and negative group velocities. To
clarify the role of damping, we compare air interfaces of

lossless and lossy Drude metals and application relevant
metals silver and gold. Based on this, we then discuss the
refraction �and possible negative refraction� of SP waves at a
lateral boundary between two different metal-dielectric inter-
faces. Finally, the implications of our findings for SP propa-
gation in multilayer systems are discussed.

II. SP PULSE PROPAGATION

In a laterally infinitely extended metal-layer system �or
single metal-dielectric interface�, the propagation of a some-
how at one �infinitely distant� end excited SP is completely
determined by its dispersion relation, i.e., the relation be-
tween the complex SP wave vector �describing the SP wave-
length and propagation length� and the �real� frequency. For
the SP pulse propagation, the sign and magnitude of phase
and group velocity as well as propagation length, pulse
spreading, and reshaping can be derived from the dispersion
relation.20 Similar to dielectric waveguides, this model is
also applicable if the lateral extension of the layer system is
finite but much larger than the SP wavelength.

A. Dispersion relation

In the following we consider a single metal-dielectric in-
terface as that sketched in Fig. 1 and limit our discussion to
nonmagnetic materials ��=1�. The SP dispersion relation for
such an interface is given by1
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FIG. 1. �Color online� Sketch of the considered metal-dielectric
interface. The SP pulse propagates along the x̂ direction.
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kSP��� = kSP� + ikSP� = k0���� �m����d���
�d��� + �m���

, �1�

where kSP is the �complex� SP wave number, k0=� /c is the
wave number of light in vacuum, and �d and �m=�m� + i�m� are
the permittivity functions of the dielectric and metal, respec-
tively. The resulting dispersion relations for SPs at the inter-
face of a lossless and lossy Drude metal, silver and gold, to
air are plotted in Fig. 2. For the sake of clarity we chose to
plot the effective SP index nSP and propagation length LSP
�defined by ISP�x+LSP�= ISP�x�e−1�,

nSP ª kSP� /k0, LSP ª 1/�2kSP� � , �2�

versus the vacuum wavelength �=2� /k0. As parameters for
the Drude model ��m=��−�p

2 / ����+ i����, we used �p
=7 eV, �=0.08 eV or 0, and ��=6, which were chosen to
give dispersion relations roughly similar to those of silver
and gold.

In Fig. 2 the horizontal bars indicate regions where the
calculated SP wavelength is larger than the SP propagation
length and the SP behavior complies with more that of an
evanescent wave than that of a propagating wave. For all
investigated materials except the lossless Drude metal, the
effective SP indices are below 2 and regions of anomalous
dispersion are found but only in strongly damped, evanescent
regimes. If the refractive index of the dielectric is increased

�not shown�, the maximum of nSP increases and shifts toward
larger wavelength. However the propagation length also de-
creases and the regions of anomalous dispersion are still
strongly damped with propagation length below the SP
wavelength.

B. Group velocity, phase velocity, and Poynting vectors

We now consider a one-dimensional SP wave packet, or
pulse, respectively, moving along the x̂ direction on the in-
terface �see Fig. 1�. According to the Fourier theorem, this
wave packet can be considered as a superposition of mono-
chromatic homogeneous plane SP waves with their wave
vectors parallel to x̂ �kSP=kSPx̂�. Due to the dispersion of the
effective SP index, SP pulses will propagate along the inter-
face with the group velocity20,21

vgr =
d�

dkSP� ���
=

c

nSP��� − �
dnSP

d�

, �3�

which can be calculated analytically from the dispersion re-
lation. For the derivation of Eq. �3�,20 the dispersion relation
expressed as ��kSP� is developed into a Taylor series and all
terms of order higher than 1 are dropped; i.e., their contribu-
tions have to be small compared to the linear term for the
equation to hold. This condition not only depends on the
dispersion relation but also on the pulse length �and therefore
spectral width� of the considered SP pulses, which has to be
small compared to the curvature of the dispersion curve. For
example, for 100-fs-short SP pulses, the spectral width is
sufficiently small for the above condition to be valid over
most of the spectral range with the exception of the intervals
with strong bending of nSP before and after the regions of
anomalous dispersion. Figures 2�e� and 2�f� depict the group
velocities calculated by using Eq. �3� of SP pulses on a
silver-air, a gold-air, and a Drude metal–air interface within
its validity range. This was determined by checking if the
contribution of the quadratic term to the series expansion of
��kSP� is smaller than 1/10 of the linear term. Outside this
region the strong bending of the dispersion relation leads to a
more complicated pulse reshaping during propagation than
just broadening and the concept of group velocity cannot be
applied in a straightforward manner.20 For shorter �longer�
SP pulses, the validity range reduces �increases� further. It
must be added that dispersion of the SP propagation length,
or kSP� ���, also leads to distortions of the pulse in addition to
damping, which is not considered in Eq. �3�. Considerable
differences in the propagation length within the spectral
pulse width further limit the physical meaning of vgr as de-
fined by Eq. �3�.

In all cases except for the lossless Drude metal, negative
group velocities are observed, which appear in the regions of
anomalous dispersion. The comparison with the lossless
Drude metal shows that the existence of a region of negative
group velocity is an effect of damping; i.e., negative group
velocities are absent for SPs at lossless Drude metal–air in-
terface. In the lossless case, this region is “forbidden” for the
SP; i.e., the SP wave vector is purely imaginary, the effective
index is zero, and the “propagation length” describes the
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FIG. 2. �Color online� Dispersion relations of metal-air inter-
faces: SP effective indices nSP ��a� and �b��, SP propagation lengths
LSP ��c� and �d��, and SP group velocities ��e� and �f�� of gold �red,
dashed line� and silver �black, solid line� ��a� and �c�� and a Drude
metal with �=0 �red, dashed line� and �=0.08 �black, solid line�
��b� and �d��. The horizontal thick lines mark the regions where the
SP propagation length LSP is smaller than the SP wavelength. The
inset in �b� shows the same dispersion relation as in �b� but in the
“usual” representation of � vs Re�kSP�. The group velocities ��e�
and �f�� are plotted only in the range where Eq. �3� is valid for
100 fs SP pulses. Outside this range, SP pulse propagation cannot
be described by a simple formulated group velocity. For the Drude
metals the curves overlap in wide regions.

HOHENAU et al. PHYSICAL REVIEW B 78, 155405 �2008�

155405-2



exponentially decreasing field of the evanescent, nonretarded
SP wave. As soon as damping is added to the Drude model,
the SP waves in the forbidden region get a propagative com-
ponent to deliver the energy absorbed. However, the SPs
keep their evanescent nature with a propagation length still
smaller than their wavelength. For the experimental values of
the silver or gold dielectric function, the behavior is similar
to the damped Drude metal.

C. Energy flow and causality

In Sec. II B we could identify conditions where negative
SP group velocity appears, i.e., where group velocity and
phase velocity are antiparallel. We now want to clarify how
the direction of group velocity is associated with the direc-
tion of energy flow and the Poynting vector.

For the following discussion it is convenient to consider
both the real and imaginary parts of the SP wave vector �Eq.
�1�� to derive

kSP� kSP� =
1

2

k0
2�m� �d

2

��d + �m�2
	 0. �4�

This implies that as long as there is absorption in the metal
��m� 	0�, the real and imaginary parts of the kSP are always of
the same sign. In other words, the phase velocity points to-
ward the direction of exponential decay of the SP amplitude.

For the Poynting vectors, one can derive the following
relations. Starting from the definition of the time averaged
Poynting vector �in the Lorentz-Heaviside system of units�
�S�=c 1

2Re��E
H��� in combination with the TM polarized
field of the SP propagating along x̂, i.e., H= �0,Hy ,0� and
E= �Ex ,0 ,Ez�, one finds

�Sx
j� = c

1

2k0
Re	 kSP

� j

e−2kSP� x−2kz,j� z

and

�Sz
j� = c

1

2k0
Re	 kz,j

� j

e−2kSP� x−2kz,j� z, �5�

with j= “m” �metal� or “d” �dielectric�. Considering the fact
that the SP wave is bound to the interface22 the integration of
�Sx

j� over the z direction in the metal and in the dielectric
gives a finite value which represents the total-energy flux
along the x direction in the two media.23 The results are
plotted in Fig. 3 and show that the x component of the energy
flux is always positive �i.e., parallel to the kSP� � in the dielec-
tric �dash-dotted lines� but negative in the metal �dashed
lines� over most of the spectral range �excluding the region
in the vicinity of the absorption band� and for all materials
considered. Integrating over the entire z direction leads to an
overall positive x component of the energy flux �Sx

total�
=�−�

0 �Sx
m�dz+�0

+��Sx
d�dz �solid line�, also in regions of nega-

tive group velocity �see Appendix A for the proof�:

�Sx
total� =

ce−2kSP� x

2k0
� kSP�

2kz,d� �d

−
kSP� �m� + kSP� �m�

2kz,m� ��m�2  	 0. �6�

This in turn shows that although there is a part of the
dispersion relation with negative group velocity, the total-

energy flow is always in the same direction as the phase
velocity and the direction of exponential SP decay. The latter
is also qualitatively intuitive: if the energy flow would be
opposite to the direction of exponential decay of the SP
wave, the SP would gain intensity with increasing propaga-
tion distance. In the current case where only absorbing media
without gain are involved, this would violate causality �this
point is justified in Appendix A�. Further, the parallelism
between the Poynting vector and phase velocity implies that
in the frequency range of negative group velocity, the Poyn-
ting vector and energy flow are opposite to the group veloc-
ity. In other words, the phase velocity is always positive with
respect to the direction of energy flow.

This behavior in regions of anomalous dispersion may
seem counterintuitive at first sight. This is caused by describ-
ing the SP behavior in an evanescent regime with the lan-
guage of propagating waves. To illustrate the situation, we
plot in Fig. 4 the intensity of a SP pulse on a silver-air inter-
face over propagation distance x and time at 336 nm �nega-
tive group velocity, Figs. 4�a�, 4�c�, and 4�e�� and 600 nm
�positive group velocity, Figs. 4�b�, 4�d�, and 4�f��. As can be
seen from Fig. 4�c�, the negative group velocity does not
violate causality in this strongly damped case, as the inten-
sity at larger x is never larger than at smaller x at a given
time, although the intensity maximum appears earlier at
larger x �Fig. 4�e��.

As the last point in the discussion of SP pulse propagation
on a single interface, we consider the SP pulse spreading
during propagation. In Fig. 4 no obvious pulse spreading can
be observed within the propagation distance of the pulse. A
rough estimate of the pulse broadening can be derived by
considering the pulse as a superposition of several spectrally
more narrow pulses, which propagate at different group
velocities.20 The spatial pulse width l�t� as a function of
pulse travel time t can then be approximated as20

l�t� � �l0
2 + �d2�/dkSP

2 �kSPt� . �7�

The results of this estimation show that �in the regions where
the group-velocity concept can be applied� even for SP
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FIG. 3. �Color online� Components of the time averaged Poyn-
ting vectors parallel to the metal-dielectric interface and integrated
in the z direction over the metal region �blue, dashed lines�, the
dielectric region �green, dash-dotted lines�, and the sum of both
�red, solid lines� for SP at the air interface of a lossless Drude metal
�a�, a Drude metal with damping �b�, silver �c�, and gold �d�.
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pulses as short as 10 fs, the pulse spreading is negligible
small over the SP 1 /e propagation length.24 Therefore, in
Fig. 4 no pulse spreading can be observed.

It is interesting to remark that the limitations mentioned
above in the context of SPs, concerning the meaning of vgr
close to or in an “absorption” band, are already known in the
context of wave propagation in bulk.20,21,25–31 In a region of
anomalous dispersion where ���������, it is generally not

possible to identify vgr with vE, defined as the rate of energy
flow divided by the stored energy density, and only when
����� ���� is this identification justified.18,20,32 The fact that
vgr0 �and �vgr�	c� does not then lead to any paradoxes
shows how cautious one should be in using the concept of
group velocity to predict the existence of a negative refrac-
tion regime �a point which was already emphasized by
Lamb5 in 1904�.

III. SP REFRACTION

In view of recent publications reporting on negative re-
fraction of SPs in regions of negative group velocities,14,16,17

it is interesting to further investigate the possible SP refrac-
tion for the current case. For our simple model of semi-
infinite metal and dielectric perpendicular to the interface, SP
refraction could occur if there is a lateral boundary of two
regions located, say, at the plane x=0, separating different
dielectrics and/or metals. This implies four media: two met-
als �with permittivities �m,1 and �m,2 located in the three-
dimensional �3D� regions �x0,z0� and �x	0,z0�, re-
spectively� and two dielectrics �with permittivities �d,1 and
�d,2 located in the 3D regions �x0,z	0� and �x	0,z
	0�, respectively�. In such a system and at a given fre-
quency, the kSP��� have different values �Figs. 5�a� and 5�b��
for both metal-dielectric interfaces. The modeling of SP re-
fraction for that case is, as explained below, already compli-
cated and a detailed, quantitative description can only be
achieved by numerical methods. However, the continuity re-
lations for the field also have to hold along a lateral bound-
ary. Therefore, by knowing the dispersion relations on both
sides of the boundary, one can in principle determine the
angles and character �normal or negative� of SP refraction.

Let us recall the conditions required to observe negative
SP refraction: negative refraction occurs if the direction of
energy flow is opposite to the SP phase velocity at one side
�e.g., the refraction side� of the boundary for the given fre-
quency. This is because continuity requires the component ky
of kSP parallel to the boundary to be conserved across it, but
causality requires that the energy propagate toward the
boundary from the excitation side and away from the bound-
ary on the other �refraction� side. Since the energy flow is
opposite to the phase velocity, at the refraction side the di-
rection of the component kx of kSP perpendicular to the
boundary is determined to point toward the interface.

This intuitive picture of negative refraction �which is ap-
plicable for lossless media� is however already an oversim-
plification of the problem. First, SP waves do not constitute a
complete and orthogonal vectorial mode basis to describe
electromagnetic wave propagation at an interface. This
means that additional TE and TM modes would have to be
taken into account in a full description including not only SP
reflection and refraction but also the out-of-plane scattering
�i.e., typically �20% of the total energy�.33,34 Second, the
continuity conditions imposed on the wave-vector compo-
nent ky at the lateral boundary are rigorously satisfied only if
ky is a real number, i.e., if we use a Fourier series expansion.
Usual homogeneous SP plane waves characterized by a com-
plex in-plane wave vector kSPn̂=kSP�cos���x̂+sin���ŷ�, in
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FIG. 4. �Color online� Plots of the SP intensity over time and
propagation distance x for a 100 fs Gaussian SP pulse at a silver-air
interface at center vacuum wavelengths of 338 �a� and 600 nm �b�.
The blue, dashed lines indicate the group velocities as calculated by
Eq. �3�. �c� and �d� represent horizontal cuts through �a� and �b�,
respectively, i.e., SP intensity vs propagation distance diagrams for
different times �−50 fs: thin dotted line; −25 fs: thin dashed line; 0
fs: thick solid line; 25 fs: thick dashed line; 50 fs thick dotted line;
100 fs: thin dash-dotted line; 150 fs: thick dashed-double-dotted
line�. Whereas at 600 nm the pulse maximum moves toward larger
x with increasing time, the pulse at 338 nm is always exponentially
decaying toward larger x. However, the exponential decay is stron-
ger at later times than at earlier times, whereby the pulse deforms in
a way that its maximum appears earlier at larger x. This behavior is
more clearly visible in �e�, which represents vertical cuts through
�a� at different positions: 0 nm �dash-dotted line�, 50 nm �dashed
line�, 100 nm �dotted line�, and 150 nm �solid line�. �f� shows
vertical cuts through �b�: 0 �dash-dotted line�, 10 �m �dashed line�,
20 �m �dotted line�, and 30 �m �solid line�.
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which kSP is given by Eq. �1� and � is a real number, do not
in general satisfy this condition �specifically not in a region
of anomalous dispersion, where damping is strong�. How-
ever, there are formal mathematical solutions to this problem
if we expand the TE and TM waves into a set of different
adapted modes. The method is briefly summarized in Appen-
dix B. Here what is essential is that SP waves are completely
characterized by the knowledge of the scalar function
�SP�x ,y� which can be expanded as

�SP�x,y� = �
�
�

−�

+�

dkya��ky�ei�kyy+kx,�x�, �8�

where ky is a real number and kx,�= ���kSP
2 −ky

2� is complex
valued. The phase matching condition over ky at the lateral
boundary x=0 allows us to define the refraction and reflec-
tion laws for SPs. We apply this model for the following
analysis and we emphasize that no reflection, transmission,
or scattering coefficients are here determined from this.

Exemplarily we consider a lateral boundary oriented
along y of a silver and gold surface �Fig. 5�a��. The common
superstratum is here chosen to have �d,1=�d,2=1 �i.e., air or
vacuum�. The incoming SP with a wave vector kSP�cos���x̂
+sin���ŷ� hits the boundary from the silver side at inclined
incidence. The vacuum wavelength is chosen to be 501 nm,
where nSP,Ag�nSP,Au but vgr,Ag	0 and vgr,Au0, so that
negative SP refraction could be expected if only the real
parts of the SP wave vectors or SP indices, respectively, are
considered. For normal incidence ��=0�, according to the
results in Sec. II, it is already clear that negative SP refrac-
tion cannot occur: ky =0, the SP waves are homogeneous, and
the energy flow is always parallel to the SP phase velocity.
The SP refractive index therefore has to be considered as
positive over the entire spectral range, independent of the
group velocity.

For inclined SP incidence ���0�, it can be shown that the
conclusion is actually the same. To understand this nontrivial
result, we first point out that due to the presence of losses the
transmitted plane wave on the gold side is generally not ho-
mogeneous. In other words the problem leads to a wave
where lines of constant phase are not lines of constant inten-
sity anymore; i.e., kSP� is parallel neither to kSP� nor to the
in-plane energy flow.35 This is clearly visible in Figs. 5�c�
and 5�d�, where we plot for �=45° �Ref. 36� how the SP �SP
field of the incident and refracted waves �reflected SP and
scattered light are not considered� would look for normal,
positive �c�, and negative �d� refractions. Clearly the re-
fracted SP waves are laterally decaying along the �x direc-
tion. Importantly, due to the �near35� parallelism between the
Poynting vector and phase velocity and because the angle
between kSP� and kSP� is smaller than 90° in the refraction
side, negative refraction would require an exponentially
growing SP intensity with increasing distance from the
boundary and energy flowing from the refraction side toward
the boundary �Fig. 5�d��, which clearly violates causality.

The conclusions obtained from this particular example are
actually very general. Indeed, for an inhomogeneous SP
plane wave with wave vector kSP=kSP� + ikSP� along the inter-
face, it is possible to show �Appendix C� that as long as
�m� 	0, we have

kSP� · kSP� 	 0, kSP� · �Stotal� � 0. �9�

Since in the TM basis considered �see Eq. �8�� kSP� =kxx̂
= ���kSP

2 −ky
2�x̂, this implies that for each individual trans-

mitted SP we have kx�kx�	0 and kx��Sx
total�0. Now, with the

same geometrical convention than before negative refraction
can only hold if in the refraction side kx0. This conse-
quently would also require �Sx

total�0 and kx�0, that is, an
energy flow moving in the direction of the lateral interface
together with a field amplitude growing away from it. This
completely noncausal behavior demonstrates that negative
refraction is actually forbidden in the considered system.

IV. CONCLUSION

From the above analysis one can extract that for SPs on a
single interface: �1� anomalous dispersion and negative
group velocities arise from Ohmic damping in the metal and
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reflected SP and light scattering are not considered. Solid, green
arrows: kSP� ; dashed, blue arrows: energy flow; dash-dotted, tur-
quoise arrows: kSP� . �d� is same as �c� but for the hypothetical case,
where negative refraction would occur. We remark that the SP
propagation length along the x direction on the gold side �i.e., Lx

=1 / �2kx��� has a value of 255 nm, which is even smaller than the
value LSP deduced from Eq. �2�.
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are absent for lossless Drude metals; �2� negative group ve-
locities are not necessarily connected to negative refraction
and an energy flow, or the Poynting vector, opposite to the
phase velocity; �3� the SPs are evanescent in nature at the
anomalous dispersion region; and �4� pulse spreading due to
bending of the dispersion relation is not relevant over the SP
propagation length. The question arises as to how these prop-
erties of SP pulses are modified by considering more than
one interface. Generally, the findings from above cannot be
extended to arbitrary layer systems as, for example, modes
with anomalous dispersion exist also for lossless Drude met-
als for a single metal film between two extended dielectrics37

or a dielectric film between two extended metals.38 The na-
ture of such modes, i.e., if they are evanescent, overdamped,
or propagating modes, as well as the relevance of pulse
spreading, can only be answered for the specific layer system
under consideration. The results presented here can be ap-
plied as good approximation for SPs on not too thin metal
films �thickness larger than �70 nm for silver or gold� and
SPs on such metal films loaded with dielectric layers with
thicknesses larger than the 1 /e extension of the evanescent
fields. However, the fact that the group velocity is, due to
losses, not linked to the direction of energy flow and unsuit-
able for the identification of negative refraction regions, can
be extended to any �SP� mode in any layer system.

As an example, we plot in Fig. 6 the dispersion relation of
the asymmetric �black, solid line� and symmetric �red,
dashed line� SP modes of a 50-nm-thick dielectric layer be-
tween two semi-infinite, lossy Drude metals.14,37 To obtain
the dispersion relation, we numerically solved the dispersion
relation to a precision of 10−10 �Ref. 39� and used �p
=3.5 eV, �=0.04 eV, and ��=1 as parameters for the
Drude model. The effective refractive index is plotted nega-
tive if the real and imaginary parts of kSP have opposite
signs. This is equivalent to opposite signs of energy flow and
phase velocity, which was confirmed by numerically inte-
grating the parallel component of the Poynting vectors along
a line perpendicular to the interfaces. Both modes have re-
gions of positive and negative group velocities �normal and
anomalous dispersions�. The symmetric mode has a positive
effective index over the entire considered spectral range and

is of evanescent nature in the region of negative group ve-
locity, similar to the SP mode on a single interface. In con-
trast, the asymmetric mode has negative effective index over
most of the considered spectral range, and is propagative
only in the region of negative group velocity �or anomalous
dispersion�.

This highlights that if there is absorption in the layer sys-
tem, causality requires that the electromagnetic fields decay
with propagation, i.e., with increasing distance from the
source and in the direction of energy flow. Negative refrac-
tion is related to opposite signs of energy flow and phase
velocity and therefore to an opposite sign of the real and
imaginary parts of the complex SP wave vector, whereas the
group velocity is only relevant for identification of negative
refraction in the absence of absorption.

APPENDIX A

The conditions for the existence of negative refraction in
a dissipative bulk medium have been recently obtained.40–45

It can indeed be shown that the dispersion relation k2= �k�
+ ik��2=k0

2�� for a plane wave with wave vector k=kx̂
propagating in a medium with permittivity �=��+ i�� and
permeability �=��+ i�� implies the equation

k�k� =
1

2
k0

2����� + ����� . �A1�

Additionally the time averaged Poynting vector for such a
wave is �S�= c

2k0
Re� k

� ��E�2 from which we deduce

k��S� � ����� + �����,

k��S� � ����� + ����� �A2�

�the multiplicative constant omitted in this appendix are al-
ways positive�. Negative refraction occurs if k��S�0.40

Similarly k��S� measures the passivity of the system �i.e., the
medium is passive if �����+ �����	0 and active if �����
+ �����0�. Comparisons between Eq. �A1� and Eq. �A2�
show that the signs of k�, k�, and �S� are interdependent:

sgn�k��S�� = sgn�k��S��sgn�k�k�� , �A3�

since k��S�=k��S� k�2

k�k�
. In particular in a doubly passive me-

dium �i.e., ��0 and ��0� sgn�k��S��=sgn�k�k�� �Refs. 40
and 45� so that negative refraction is possible if k�k�0
�e.g., ��0 and ��0�. Physically it means that negative
refraction in a passive medium implies that the wave is ex-
ponentially growing in the direction of the phase velocity
vp=� / �k��k� / �k�� and in the direction opposite to �S�. We
show in the following that relations similar to Eqs.
�A1�–�A3� exist for SPs. Here we consider only the case �
=1 and ��	0 �calculations for the lossless case ��=��=0
were recently done7�. We consider in this appendix the case
of a homogeneous SP plane wave with kSP=kSPx̂. First, Eq.
�4� plays the role of Eq. �A1� and we have kSP� kSP� 	0. Sec-
ond, the time averaged Poynting vector along the interface is
�Sx

j��Re�kSP /� j�, with j=m or d. To simplify the notation we

use the “tilde” variables �̃=�m /�d, k̃SP=kSP /�d, k̃z,j =kz,j /�d,
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FIG. 6. �Color online� Dispersion relations of the asymmetric
�black, solid line� and symmetric �red, dashed line� SP modes of a
50-nm-thick dielectric layer between two semi-infinite, lossy Drude
metals. Effective refractive index �a� and propagation length �b�.
The effective index is plotted as negative if the energy flow is
opposite to the phase velocity or, equivalently, if the real and imagi-
nary parts of kSP have opposite signs. The symmetry refers to the
magnetic fields.
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and �S̃x
j��Re�k̃SP / �̃ j�e−2kSP� x−2kz,j� z �i.e., �S̃x

m�� �k̃SP� �̃�

+ k̃SP� �̃��e−2kSP� x−2kz,j� z / ��̃�2 and �S̃x
d�� k̃SP� e−2kSP� x−2kz,j� z�. With this

set of parameters we deduce22

�S̃x
total� = �

−�

0

�S̃x
m�dz

+ �
0

+�

�S̃x
d�dz �

1

2	−
k̃SP� �̃� + k̃SP� �̃�

��̃�2k̃z,m�
+

k̃SP�

k̃z,d�

e−2kSP� x.

�A4�

Multiplication of this expression by k̃z,d� k̃SP� and use of the

equalities k̃z,d� k̃z,d� =−k̃SP� k̃SP� , k̃z,d= k̃z,m / �̃ with the conditions

k̃z,d� 	0 and k̃z,m� 	0 �Ref. 22� lead to the relation

k̃SP� �S̃x
total� � �k̃z,d� k̃SP� �2 + �k̃SP� k̃SP� �2�̃� 	 0 �A5�

since �̃�	0. From Eqs. �4� and �A5� we finally deduce

k̃SP� �S̃x
total� = k̃SP� �S̃x

total�
k̃SP�

2

k̃SP� k̃SP�
	 0, �A6�

which shows that the SP wave decays in the same direction

than k̃SP� and �S̃x
total� or in other words the impossibility of

negative refraction in the considered system. It can be added

that a direct evaluation of k̃SP� �S̃x
total� gives

k̃SP� · �S̃x
total� � k̃SP�

2k̃z,d�2 �̃��1 − ��̃�2� + k̃SP� k̃SP� �̃��k̃z,d�2 + ��̃�2k̃SP�
2� .

�A7�

This function is obviously always positive if �̃�0 and ���
	1 and a numerical calculation on the complex plane
��̃� , �̃�� shows that it is actually also true whatever �̃ �includ-
ing media with gain� is.

APPENDIX B

We remind that a general TE and TM mode expansion can
be obtained with respect to the z axis. In each medium con-
sidered the field at the location r= �x ,y ,z� can indeed be
written,28,46

E�r� = � 
 ��TE�r�ẑ� − � 
 ���TM�r�ẑ�/�ik0�� ,

H�r� = � 
 ��TM�r�ẑ� + � 
 ���TE�r�ẑ�/�ik0� , �B1�

where the two scalar functions �TM�r� and �TE�r� obey the
Helmholtz equation ��2+k0

2����r�=0. An adapted modal
representation for the fields is obtained by expanding them as
Rayleigh integrals:

��r� = �
�
� f��kx,ky�ei�kxx+kyy+kz,�z�dkxdky , �B2�

where kx and ky are real numbers and where kz,�

= ���k0
2�−kx

2−ky
2� is complex valued. Equations �B1� and

�B2� together with the boundary conditions at the interfaces
can in general be used to solve numerically the problem

and define the reflection, transmission, or scattering
coefficients.28,34 The expansion given by Eq. �B2� has two
advantages. The first is that since ky is a real number the
conditions of phase matching at the boundary x=0 are auto-
matically satisfied along the y direction for the elementary
modes �even though it is not the case in the z direction�. This
means that if we come with an incident wave characterized
by a given ky, the reflected and transmitted waves will be
characterized by the same value of ky. The second advantage
is that this expansion contains SP waves as a particular case
of the TM field. Indeed, by definition SP waves are TM
modes bound to the surface and are characterized by the
scalar function �SP�r�= f�z��SP�x ,y�, where f�z� must de-
crease rapidly in both the +z and −z directions away from the
metal/dielectric interface. Separation of the variables in the
Helmholtz equation and boundary conditions lead to f�z�
=eikz,mz in the metal and f�z�=eikz,dz in the dielectric and to
the usual SP condition:1 kz,m /�m=kz,d /�d. The function
�SP�x ,y� obeys the equation ��2 /�x2+�2 /�y2+kSP

2 ��SP�x ,y�
=0, where kSP is given by Eq. �1�. An alternative representa-
tion to Eq. �B2� for �SP is

�SP�r� = eikz,jz�
�
�

−�

+�

dk̃ya��k̃y�ei�k̃yy+k̃x,�x�, �B3�

where k̃y is a real number and k̃x,�= ���kSP
2 − k̃y

2� is complex
valued. The advantage of Eq. �B3� over Eq. �B2� is that it
contains only one kz so that the SP evanescent structure ap-
pears explicitly. Additionally, Eq. �B3� can be easily com-
bined with expansion �B2� for the scattering contributions. In
particular the phase matching condition at the boundary x
=0 keeps the same form for scattered light and for SPs since

at a given k̃y an elementary SP mode ei�k̃yy+k̃x,�x� has a repre-
sentation in Eq. �B2� leading to the amplitude coefficients

f�kx ,ky����k̃y −ky�g�k̃x ,kx�, where ��u� is the Dirac function

and where g�k̃x ,kx� is a narrow function centered on the

value kx�Re�k̃x�. This means that if our aim is only to derive
the refraction and reflection laws, i.e., the equivalent of
Snell’s laws, for SP waves, then we can completely ignore
the out-of-plane scattering from our analysis.

APPENDIX C

For a general SP plane wave �homogeneous or not� with
wave vector q j =k� +kz,jẑ in the medium j, the magnetic field

at r= �r� ,z� reads H j�r�= b̂�,je
i�qj·r−�t�, where b̂�,j =q
 ẑ / �k��

=k� 
 ẑ / �k�� is the unit magnetic polarization vector7 parallel
to the interface �for clarity directions parallel to the interface
are here labeled by the two-dimensional �2D� vector A�

= �Ax ,Ay��. Applying Maxwell’s equations in both media,
we also deduce the electric fields E j�r� ,z�=−�ck j /� j��

H j�r� ,z� which have components parallel and perpendicu-
lar to the interface. Finally, from Maxwell’s equations and
the boundary conditions at the interface, we obtain the dis-
persion relation which is given by1,2,7
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k�
2 = �k�� + ik���2 = k0

2 �m�d

�d + �m
. �C1�

From Eq. �C1� we deduce immediately the generalization of
Eq. �4�,

k�� · k�� =
1

2

k0
2�m� �d

2

��d + �m�2
	 0. �C2�

The inequality holds wherever �m� 	0 is verified and gener-
ally means that the angle between k�� and k�� is always
smaller than 90°.

The calculation of the Poynting vector in the general case
of an inhomogeneous SP plane wave has to be treated very

carefully since usually the orthogonality condition k� · b̂�,j

=0 imposed by Maxwell’s equations does not imply k� · b̂�,j
�

=0. This means that

�S j� =
c2

2�
Re�qj

� j
−

�k� · b̂�,j
� �b̂�,j

� j
e−2q�·r �C3�

does not reduce to �S j�= c2

2�Re�
q j

� j
�e−2q�·r as it is for the

homogeneous plane wave �actually, the additional term
c2

��k��2
��k��
k��� · ẑ�Im�

k�

� j
�
 ẑ, which contributes to Eq. �C3�

only in directions parallel to the interface, vanishes if k�� and
k�� are collinear, i.e., if the wave is homogeneous�. Instead of
calculating the explicit form of the Poynting vector, we use
here another useful property. Indeed, from the time averaged
Poynting theorem in a dissipative medium,18,20 � · �S�=
−�����E�2� /2, we deduce that for any inhomogeneous plane
wave with electric field E=E0eiq·r and magnetic field B= q

k0


E0eiq·r we have47

q� · �S� = ����E0�2/4 	 0. �C4�

Application of Eq. �C4� to the inhomogeneous SP wave leads
to qd� · �Sd�=0 in the dielectric and to qm� · �Sm�=��� / �4��m��
in the metal. These relations allow us to calculate k�� · �S�,j� by
knowing kz,j� · �Sz,j�=kz,j� c2

2�Re�
kz,j

� j
�e−2q�·r. Since kz,j does not

depend on k� �Ref. 22� the scalar product k�� · �S�,j� is, up to
the positive coefficient e−2q�·r, independent of the direction
taken by k�� and k�� so that the main result of Appendix A
remains unchanged and we have finally after integration
along z

k�� · �S�
total� � �k̃z,d� k̃SP� �2 + �k̃SP� k̃SP� �2�̃� 	 0, �C5�

where k̃z,d and k̃SP have the meanings explained in Appendix
A.
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